Some relationships between local di erential geometry of surfaces and integrability of evolutionary partial di erential equations are studied. It is proven that every second order formally integrable equation describes pseudo-spherical surfaces. A classi cation of integrable equations of Boussinesq type is presented, and it is shown that they can be interpreted geometrically as \equations describing hyperbolic a ne surfaces".
1 Introduction.
One of the most widely accepted de nitions of integrability of partial di erential equations requires the existence of soliton solutions, i.e. of special kind of traveling wave solutions that interact \elastically", without changing their shapes. The analytical construction of soliton solutions is based on the general inverse scattering method. In the formulation of Zakharov and Shabat 31] , all known integrable systems supporting solitons can be realized as the integrability condition of a linear problem of the form x = U ; t = V ; (1.1) where the matrices U and V , which depend on the eld variables u and their derivatives as well as a \spectral" parameter , take their values in some matrix Lie algebra g. Introducing the g{valued one-form = U dx + V dt (1.2) allows us to combine the linear system (1.1) into a single one-form equation
(1.
3)
The associated integrability conditions for (1.1) or (1.3), which are obtained by cross differentiation, then take the matrix form d + ^ = 0; (1.4) that is, they imply that the connection one{form is at. In terms of the matrices U and V , the system of equations at hand is characterized by a zero curvature condition @U @t ? @V @x + U; V ] = 0:
(1.5)
Any system of di erential equations in the eld variables u which can be characterized by such a linear problem will be called \kinematically integrable", after Faddeev and Takhtajan, 12]; see also 23, 24] and references therein. Among the properties that seem to be characteristic of equations which have been called integrable are the Painlev e property (Weiss, Tabor and Carnevale 30] ), the existence of a bi-Hamiltonian formulation (Magri 18] ), of an in nite number of generalized symmetries (Olver 21] ), of an in nite hierarchy of conservation laws 18], and of a formal symmetry of rank 1, (Mikhailov, Shabat and Sokolov 19] , Mikhailov, Shabat and Yamilov 20] ). The existence of higher symmetries is a particularly good test of integrability because they can be computed algorithmically. As an illustration, in Section 2 we prove that the Boussinesq equation is the unique formally integrable (in the sense of possessing a formal symmetry of rank 1) polynomial system of evolution equations of its particular scaling homogeneity.
An interesting and natural problem is to investigate the relationships among the properties listed above. Several theorems have been proved in this context. For example, the existence of a bi-Hamiltonian formulation implies the existence of a recursion operator, of an in nite number of commuting conservation laws and of an in nite hierarchy of generalized symmetries in involution, 18]. More recently, Reyes 23] has shown that all autonomous second order formally integrable evolution equations possess a zero curvature formulation (1.5).
We prove in Section 3 that all second order formally integrable equations possess a zero curvature formulation, thereby generalizing the main result of Reyes 23] . In principle, this result implies that these systems can be solved analytically by means of inverse scattering techniques. The zero curvature formulation is based on sl(2; R){valued linear problems (1.3), and is obtained with the help of an interesting class of equations introduced by Chern and Tenenblat 8] | the \equations describing pseudo-spherical surfaces".
We then reconsider the Boussinesq equation. It is well{known, 15, 11] , that it can be formulated as a zero curvature condition for an sl(3; R){valued linear system. Coupled with our classi cation result, this lends added weight to the general equivalence between formal and kinematic integrability. We show in Section 4 that the local solutions of the Boussinesq equation determine the structure of an hyperbolic a ne surface on the space of independent variables x; t. Thus, we can nd geometrical interpretations for a general class of formally integrable equations beyond the second order case.
2 Formal Integrability.
We begin with a brief review of the symmetry approach to integrability. We will be considering n th order evolution equations u t = K u] = K(x; t; u; u 1 ; : : : ; u n ); Theorem 2.4 Every formally integrable second order evolution equation is equivalent, under a contact transformation of the form t = (t); x = (t; x; u; u x ); u = (t; x; u; u x ); to one of the following: u t = u xx + h(x; t)u; (2.7) u t = u xx + uu x + g(x; t); (2.8) u t = D x (u x u ?2 ); (2.9) u t = D x (u x u ?2 ? x); (2.10) u t = D x (u x u ?2 + x 2 u) + xu: (2.11) In the case of systems in q dependent variables, Fokas conjectured 14] that the existence of q higher symmetries will ensure formal integrability. In an attempt to understand the validity of this claim, the 2 component system ( u t = u xxxx + v 2 ; v t = v xxxx : (2.12) was conjectured by Bakirov, 2] , and then rigorously proved by Beukers, Sanders and Wang, 3] , to only have a single higher (sixth) order symmetry. On the other hand, the Bakirov system does possess a recursion operator, 4], and so is formally integrable. More recently, van der Kamp and Sanders, 29] , have proposed an example of a very complicated twocomponent system possessing only two higher-order symmetries, but it is still not known whether it possesses a formal symmetry of rank 1. Thus, the precise relationship between formal integrability and the existence of higher order or formal symmetries for systems remains rather unclear.
It is worth noting that both the Bakirov system (2.12), and the van der Kamp{Sanders example can be decoupled, in the sense of the following de nition. This means that they are, in a sense, not \true" two-component systems.
De nition 2.5 A two-component system of evolution equations is called decoupled if one of the equations depends only on a single dependent variable.
A decoupled system can be e ectively considered as a pair of scalar equations, where the solution to the equation involving only one of the dependent variables drives the second equation. In this paper, we only consider genuinely non-decoupled systems. Since all known symmetry pathologies occur in decoupled systems, we will continue to use the existence of higher order (formal) symmetries to detect integrability.
A particularly important example to be studied here is the Boussinesq equation in two independent variables is said to be of pseudo-spherical type if there exist one-forms ! = f 1 (x; t; u; : : : ; u r ) dx + f 2 (x; t; u; : : : ; u s ) dt; (3.3) whose coe cients f , = 1; 2; 3; = 1; 2, are smooth di erential functions, which satisfy the pseudo-spherical structure equations (3.1) whenever u = u(x; t) is a solution to the system (3.2).
We exclude the trivial cases when the di erential functions f all depend only on x; t, and when ! 1^!2 0. Note that the graph f(x; t; u(x; t))g of any solution to a pseudo-spherical system for which ! 1 (u(x; t))^! 2 (u(x; t)) 6 = 0, has the structure of a pseudo-spherical surface.
The one-forms (3.3) may be complex{valued, as in Sasaki 26] , Reyes 24] , in agreement with the classical tradition to allow complex surfaces. The characterization of a system of di erential equations as one describing pseudospherical surfaces has several advantages: (a) it allows us to study conservation laws and B acklund transformations from a geometrical point of view (Sasaki 26 Given a k th order scalar di erential equation u t = K(x; t; u; :::; u k ), consider the di erential ideal I K generated by the two{forms du^dx + K(x; t; u; :::; u k )dx^dt; du i^d t ? u i+1 dx^dt; 1 i k ? 1; on the reduced k th order jet space with coordinates x; t; u; u 1 ; : : : ; u k . Note that the local solutions to the evolution equation correspond to integral submanifolds of the exterior di erential system fI K ; dx^dtg determined by the equation ideal I K . We shall use the terminology \strictly pseudo-spherical" to indicate that I K is algebraically equivalent to a system of di erential forms satisfying the pseudo-spherical structure equations.
De nition 3.4 A scalar di erential equation u t = K(x; t; u; :::; u k ) will be called strictly pseudo-spherical if there exist one-forms ! = f 1 dx + f 2 dt whose coe cients are di erential functions f depending at most on derivatives of order k, such that the two{forms 1 We are now ready to prove the main result of this section.
Theorem 3.7 Every second order evolution equation u t = K(x; t; u; u x ; u xx ) which possesses a formal symmetry of in nite rank is of pseudo-spherical type.
Proof : We refer back to the list of formally integrable second order equations. Equations (2.8){(2.10) are simple modi cations of the equations considered in Theorem 6 of Reyes 23] . For completeness, however, their associated one{forms are also collected here. We begin with Equation (2.7):
1. Pseudo-spherical one{forms associated with Equation (2.7) are ! 1 = a(x; t)u dx + a(x; t)u x ? " a(x; t) + @a(x; t) @x u dt;
in which " = 1, and the function a(x; t) 6 = 0 is a solution of the linear equation ?2 " @a(x; t) @x ? @ 2 a(x; t) @x 2 ? @a(x; t) @t = a(x; t)h(x; t):
The derivation of these one{forms is similar to the case of (2.11) discussed below, and will, in the interests of brevity, be omitted. 4 On equations describing a ne surfaces.
We now investigate the geometry underlying integrable equations which, like the Boussinesq equation, arise as the integrability or zero curvature conditions for an sl(3; R){valued linear system. We begin by summarizing the (equi-)a ne geometry of surfaces in terms of moving frames following Chern and Terng 9], and Flanders 13] .
Let E 3 be the three{dimensional a ne space equipped with coordinates x = (x 1 ; x 2 ; x 3 ) and volume form dV = dx 1^d x 2^d x 3 . The Lie group G which preserves dV is the equi-a ne group SA(3) = SL(3; R) n R 3 .
Consider a surface M E 3 . Let fe 1 (x); e 2 (x); e 3 (x)g be an a ne moving frame on M such that e 1 (x) and e 2 (x) are tangent to M at x, and det(e 1 (x); e 2 (x); e 3 (x)) = 1: arising from the translation components. The \fundamental theorem of the theory of surfaces" says that conversely, given a set of one{forms satisfying (4.5) and (4.6), there exists an a ne surface M described locally by a moving frame satisfying (4.1). See Flanders 13] for a proof of this result. Suppose we are given a system of di erential equations = 0 that forms the integrability conditions for a one{parameter family of sl(3; R){valued linear problems of the form (1.3), where = ( ! ) = U(x; t; u; : : : ; u r ) dx + V (x; t; u; : : : ; u s ) dt
is an sl(3; R){valued one-form whose coe cients are di erential functions. By construction, the entries ! of satisfy the unimodular structure equations (4.5) when restricted to solutions to the system. Thus, in order to identify the surface described by solutions of the system = 0, it is enough to nd one{forms ! 1 ; ! 2 such that equations (4.6) are satis ed.
Our aim is to show that this can indeed be done for the integrable equations of Boussinesq type classi ed in Section 2. Zero curvature representations of the Boussinesq system (2.14) can be found in 15, 11] . We consider the following version of (2.14) v t = 2w x ; w t = ? 1 
We convert the system L = , t = P into an equivalent rst order system x = U ; t = V ; One can easily check that Equations (4.8) are indeed the integrability condition of (4.10).
The corresponding sl(3; R){valued one-form (4.7) produces the one-forms (4.11) that satisfy the structure equations (4.5). As pointed out above, the one remaining task is to nd one{forms ! 1 , ! 2 so that the structure equations (4.6) are satis ed.
An important simpli cation occurs if instead of nding simply ! 1 and ! 2 , we look for one{forms ! 1 , ! 2 , ! 3 satisfying (4.4) on solutions of the Boussinesq system (4.8). Clearly, the one-forms ! 1 = ! 1 2 ; ! 2 = ! 2 2 ; ! 3 = ! 3 2 ; (4.12) will satisfy these conditions. However, since ! 3 6 = 0, the one-forms (4.11), (4.12) are not adapted to the surfaces described by solutions of the Boussinesq system (4.8). We can easily check that these adapted one{forms (4.15), (4.16) satisfy all the structure equations of an a ne surface immersed in E 3 whenever (v(x; t); w(x; t)) is a solution of the Boussinesq system (4.8). Combined with our classi cation result (Theorem 2.6), and the fact that we can easily transform (2.18) into (2.19) and vice-versa by using simple di erential substitutions, the foregoing discussion allows us to conclude the following. The sign of jHj, the determinant of the matrix (h ij ), is invariant under unimodular transformations of the form e 0 i = a 1 i e 1 + a 2 i e 2 ; N 0 = cN + a 1 3 e 1 + a 2 3 e 2 :
(4.17)
We will assume that jHj 6 = 0. Note that the non{generic case jHj = 0 also occurs, for instance, for some constant solutions of (4.8).
The a ne metric on M is de ned to be the quadratic form 3 instead of (4.16). We would have then obtained a ne surfaces of positive a ne mean curvature. In fact, the right choice is related to the signature of the quadratic form II, as pointed out after (4.18). It would be interesting to check whether this signature depends on the solutions of the Boussinesq system (4.8). If it does, can one classify the a ne surfaces arising from di erent solutions of (4.8)?
Finally, it is known that minimal a ne surfaces admit B acklund{like transformations, 9]. We wonder if this result (or perhaps an extension of it) gives rise to an analytic correspondence theorem between solutions of equations describing a ne surfaces as in the SL(2; R) case, 17].
